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Overview 

The use of Bayesian concepts and techniques in actuarial science dates back to the 

foundations of empirical Bayes credibility, [(2)], [(5)], although apparently it was 

Lundberg who first realized the importance of Bayes procedures for experience rating in 

1940, [(17)]. To date, Bayesian methodology is used in various areas within actuarial 

science, among them loss reserving, [(19)], [(20)]. The earliest explicit use of Bayesian 

methods to estimate for can be found in [(13)] and [(30)], although there may be some 

implicit uses of Bayesian methods in claims reserving through the application of 

Credibility methods for this purpose, [(11)].  

Claims reserving methods are usually classified as stochastic or non-stochastic 

(deterministic), depending on whether or not they allow for random variation. Bayesian 

methods fall within the first class, [(9)], [(12)], [(29)], [(32)]. Being stochastic, they 

allow the actuary to carry out statistical inference of reserve estimates as opposed to 

deterministic models, like the traditional chain-ladder. As an inference process, the 

Bayesian approach is an alternative to classical or frequentist statistical inference. 

Bayesian methods have some characteristics that make them particularly attractive for 

their use in actuarial practice, specifically in claims reserving. 

First, they allow the actuary to formally incorporate expert or existing prior information. 

Very frequently in actuarial science one has considerable expert, or prior, information. 

The latter can be in the form of global or industry-wide information (experience) or in 
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the form of tables. In this respect it is indeed surprising that Bayesian methods have not 

been used more intensively up to now. There is a wealth of ‘objective’ prior information 

available to the actuary. In fact, the ‘structure distribution’ frequently used was 

originally formulated in a Bayesian framework, [(5)]. 

The second, advantage of Bayesian methods is that the analysis is always done by 

means of the complete probability distribution for the quantities of interest, either the 

parameters, or the future values of a random variable. In addition to point estimates we 

can obtain a wealth of information. Actuarial science is a field where adequate 

understanding and knowledge of the complete distribution is essential: in addition to 

expected values we are usually looking at certain characteristics of probability 

distributions, e.g. ruin probability, extreme values, value at risk (VaR), and so on.  

As mentioned in [(9)] “there is little in the actuarial literature which considers the 

predictive distribution of reserve outcomes; to date the focus has been on estimating 

variability using prediction errors. [It] is difficult to obtain analytically…” these 

distributions, that take into account both the process variability and the estimation 

variability. Bayesian models automatically account for all the uncertainty in the 

parameters. They allow the actuary to provide not only point estimates of the required 

reserves, and measures of dispersion such as the variance, but also the complete 

distribution for the reserves as well. This makes it feasible to compute other risk 

measures. 

These distributions are particularly relevant in order to compute the probability of 

extreme values, especially if use of the normal approximation is not warranted. In many 

real/life situations the distribution is clearly skewed. Confidence intervals obtained with 

Normal approximations can then be very different from exact ones. The specific form of 

the claims distribution is automatically incorporated when using Bayesian methods, 

whether analytically or numerically. One advantage of full Bayesian methods is that the 

posterior distribution for the parameters is essentially the exact distribution, i.e. it is true 

given the specific data used in its derivation.  
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Although in many situations it is possible to obtain analytic expressions for the 

distributions involved, we frequently have to use numerical or simulation methods. 

Hence one cause, probably the main one, of the low usage of Bayesian methods up to 

now, has been the fact that closed analytical forms were not always available and 

numerical approaches were too cumbersome to carry out. However, the availability of 

software that allows one to obtain the posterior or predictive distributions by direct 

Monte Carlo methods, or by Markov chain Monte Carlo (MCMC), has opened a broad 

area of opportunities for the applications of these methods in actuarial science. 

Some Notation 

Most methods make the assumptions that: a) the time (number of periods) it takes for 

the claims to be completely paid is fixed and known; b) the proportion of claims 

payable in the t-th development period is the same for all periods of origin; and 

c)quantities relating to different occurrence years are independent, [(11)], [(29)]. 

Let itX  = number (or amount) of events (claims) in the t-th development year 

corresponding to year of origin (or accident year) i. Thus we have a k×k matrix 

},...,1,,...,1;{ ktkiX it == , where k = maximum number of years (sub periods) it takes 

to completely pay out the total number (or amount) of claims corresponding to a given 

exposure year. This matrix is usually split into a set of known or observed variables (the 

upper left hand part) and a set of variables whose values are to be predicted (the lower 

right hand side). Thus we know the values of  X it ,,...,1,,...,1 ktki ==  for 1+≤+ kti , 

and the triangle of known values is the typical run-off triangle used in claims reserving, 

Table 1, [(21)]. 

 

 

Table 1 
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year of    development year   
origin 1 2 ...... t ... k-1 k 

1 X11 X12 ... X1t  X1,k-1 X1k 
2 X21 X22 ... X2t  X2,k-1 - 
3 X31 X32 ... X3t  -  
:      - - 

k-1 Xk-1,1 Xk-1,2    - - 
k Xk1 -     - 

 
 
 
Bayesian Models 

For a general discussion on Bayesian theory and methods see [(3)], [(4)], [(23)] and 

[(34)]. For other applications of Bayesian methods in actuarial science see [(15)], [(19)], 

[(20)] and [(25)]. Bayesian analysis of claims reserves can be found in [(1)], [(10)], 

[(13)], [(14)] and [(22)]. 

If the random variables ,,...,1;,...,1, ktkiX it ==  denote claim figures (amount, loss 

ratios, claim frequencies, etc.) the (observed) run-off triangle has the structure given in 

Table 1. The unobserved variables (the lower triangle) must be predicted in order to 

estimate the reserves.  Let )|( θitxf  be the corresponding density function, where θ  is a 

vector of parameters. Then  ∏=
+≤+ 1kti

it )|x(f)x|(L θθ  is the likelihood function for the 

parameters given the data in the upper portion of the triangle.  Available information on 

the parameters, θ , is incorporated through a prior distribution )(θπ  that must be 

modeled by the actuary.  It is equivalent to the structure distribution. This is then 

combined with the likelihood function via Bayes’ Theorem to obtain a posterior 

distribution for the parameters, )|( xf θ , as follows: )()|()|( θπθθ xLxf ∝ , where ∝  

indicates proportionality.  When interest centers on inference about the parameters it is 

carried out using )|( xf θ . When interest is on prediction, as in loss reserving, then the 

past (known) data in the upper portion of the triangle, 1 for +≤+ ktiX it , are used to 
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predict the observations in the lower triangle itz  by means of the posterior predictive 

distribution that is defined as 

∫= θθθ dxfzfxzf itit )|()|()|( ,  1,,...,1,,...,1 +>+== ktiwithktki .  

In claims reserving, the benefit of the Bayesian approach is in providing the decision 

maker with a posterior predictive distribution for every entry in the lower portion of the 

run-off triangle and, consequently, for any function of them. One such function could be 

the sum of their expected values for one given year of origin i, i.e. an estimate of the 

required claims reserves corresponding to that year: 

∑
+−>

=
1

)|(
ikt

iti DZER ,   i = 2,…,k. 

Adequate understanding and knowledge of the complete distribution is essential. It 

allows the actuary to assess the required reserves in terms not only of expected values. 

A standard measure of variability is prediction error. In claims reserving it may be   

defined as the standard deviation of the distribution of reserves. In the Bayesian context 

the usual measure of variability is the standard deviation of the predictive distribution of 

the reserves. This is a natural way of doing analysis in the Bayesian approach, [(1)], 

[(9)]. 

Hence, besides the usual modeling process, the actuary has two important additional 

tasks to carry out when using Bayesian methods: 

a) Specifying the prior distribution for the parameters in the model 

b) Computing the resulting posterior or predictive distribution and any of its 

characteristics. 
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Prior Distribution 

This first one of these tasks is not foreign to actuarial practice. For example, in the 

traditional Bornhuetter-Ferguson method explicit use is made of perfect prior (expert) 

knowledge of ‘row’ parameters. An external initial estimate of ultimate claims is used 

with the development factors of the chain-ladder technique (or others) to estimate 

outstanding claims. This is clearly well suited for the application of Bayesian methods 

when the prior knowledge about the ‘row’ parameters is not perfect and may be 

modeled by a probability distribution. This use of external information to provide the 

initial estimate leads naturally to a Bayesian model, [(9)].  

Bayesian models have the advantage that actuarial judgment can be incorporated 

through the choice of informative prior distributions. However, this may be considered 

as a disadvantage, since there is the risk that the approach may be mis-used.  

Admittedly, this approach is open to the criticism that our answers can depend on our 

prior, )(θπ , and our model distributional assumptions. This should not be a conceptual 

stumbling block, since in the actuarial field data and experience from related problems 

often used to support our assumptions. The structure distribution frequently used in 

Credibility theory is another example of situations where actuaries use previous 

experience to specify a probabilistic model for the risk structure of a portfolio. 

The Bayesian approach constitutes a powerful formal alternative to both deterministic 

and classical statistical methods when prior information is available. But they can also 

be used when there is no agreement on the prior information, or even when there is a 

total lack of it. In this last situation we can use what are known as non-informative or 

reference priors; the prior distribution )(θπ  will be chosen to reflect our state of 

ignorance. Inference under these circumstances is known as objective Bayesian 

inference, [(3)]. It can also be used to avoid the criticism mentioned in the last 

paragraph. In many cases Bayesian methods can provide analytic closed forms for the 

predictive distribution of the variables involved, e.g. outstanding claims. Predictive 
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inference is then carried out directly from this distribution. Any of its characteristics and 

properties, such as quantiles, can be used for this purpose. However, if the predictive 

distribution is not of a known type, or if it does not have a closed form, or if it has a 

complicated closed form, then it is possible to derive approximations using Monte 

Carlo (MC) simulation methods, [(6)], [(28)]. One alternative is the application of direct 

Monte Carlo, where the random values are generated directly from their known 

distribution, which is assumed to be available in an explicit form. Another alternative, 

when the distribution does not have a closed form, or it is a complex one, is to use 

Markov Chain Monte Carlo (MCMC) methods, [(25)], [(28)]. 

 
Examples  

Example 1. In the run-off triangle of Table 1, let  X it = number of claims in t-th 

development year corresponding to year of origin (or accident year) i, so the available 

information is: .1,,...,1,,...,1; +≤+== ktiktkiX it  Let ==∑
=

iit

k

t
NX

1
 total number of 

claims for year of origin i, then, the Likelihood function for the unknown parameters 

( 2n , 3n ,…, kn , p), given the data, will be of the form 

                ∏
=

+−=
k

i
iiikkk pnxfxxpnnnL

1
1121 ),|(),...,|,,...,,( ,                                  

i=1,…, k, where ),|( pnfk •  denotes a k-dimensional multinomial pmf and 

)',...,( 1 kppp =  is the vector of the proportions of payments in each development year, 

[(1)]. The vectors )'x,...,x,x(x k112111 = , )'x,...,x,x(x k 1222212 −= ,…, )x(x kk 1=  

contain the known data for the number of claims in each row of the triangle. The next 

step will be to specify a prior distribution for the parameters: ),,...,( 2 pnnf k . The joint 

posterior distribution is then obtained as 

),,...,(),...,|,,...,,(),,...,( 21212 pnnfxxpnnnLDpnnf kkkk ×∝ , 
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and it may be written in terms of the posterior distributions as: 

)(),(),,...,(
2

2 DpfDpnfDpnnf
k

i
ik ×= ∏

=

, 

where },,...,,{ 121 nxxxD k= represents all the known information, [(1)], [(22)]. We 

can then use this distribution to compute the mean and/or other characteristics for any 

of the parameters. Notice that if in this model the quantities of interest are the total 

numbers of claims for each year, )n,...,n( k2 , so that we can use their marginal 

posterior distribution, ),...,( 2 Dnnf k , to analyze the probabilistic behavior of the total 

number of claims by year of origin. However, if we want to estimate the future number 

of claims per cell in the lower portion of the triangle we then use the predictive 

distribution: 

,)|,,...,(),,...,|()|( 22∫∑= pdDpnnfpnnxfDxf kkitit  

for i = 1,…,k; t  = 1,…,k, with  i + t > k+1, and  the summation is over )n,...,n( k2 .  

Example 2. Let the random variable 0>itX  represent the value of aggregate claims in 

the t-th development year of accident year  i,  i ,t =1,...,k.  As in the previous model, the 

itX  are known for i+t ≤ k+1.  Define ( )itit XY log = . We assume in addition that 

                            ),(N~Y ijijtiit
20 σεεβαµ +++=                               

i=1,...,k,   t=1,...,k  and i+t ≤ k+1  i.e. an unbalanced two-way analysis of variance 

(ANOVA) model. This was originally used in claims reserving by Kremer [(16)]; see 

also [(1)], [(7)] and [(30)].  

Thus itX  follows a log-normal distribution, and 
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         ),,,|y(f tiit
2σβαµ  ])(

2

1
exp[

1 2
2 tiity βαµ

σσ
−−−−∝ .                 

Let UT  = (k+1)k/2 = number of cells with known claims information in the upper 

triangle; and LT  = (k-1)k/2 = number of cells in the lower triangle, whose claims are 

unknown. If }kti,k,...,t,i;y{y it 11 +≤+==  is a UT -dimension vector that contains 

all the observed values of itY , and )',...,,,...,,( 11 kk ββααµθ =  is the )12( +k  vector of 

parameters, then the Likelihood function can be written as 

])(
2

1
exp[),,..,,|,( 2

221 ti

k

i

k

t
it

T
k yyxxxL U βαµ

σ
σσθ −−−−∝ ∑∑− , 

where the double sum in the exponent is for  i + t ≤ k + 1, i.e. the upper portion of the 

triangle. The actuary must next specify a prior distribution for the parameters, ),(f σθ , 

and the joint posterior distribution is then  

),(),,..,,|,(),( 21 σθσθσθ fyxxxLDf k ×∝ , 

where },,...,,{ 21 yxxxD k=  represents all the known information included in the 

posterior distribution. The specific form of the joint posterior distribution, as well as the 

marginal distribution of each parameter, will depend on the choice of the prior, [(1)], 

[(22)], [(30)]. In this model the quantities of interest are the random variables 

,1,,...,1,,...,1; +>+== ktiktkiX it  so that it is necessary to obtain their predictive 

distribution: 

σθσθσθ ddDfxfDxf itit ∫= )|,(),|()|( . 

Although under suitable conditions it also possible to derive analytic expressions for the 

predictive distributions, further analysis of this distribution will usually be done by 

some type of simulation, [(1)], [(22)], [(25)], [(30)].  
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Bayesian computation 

In each one of the examples described above, to compute the reserves for the 

outstanding aggregate claims we need to estimate the values of the cells in the lower 

portion of the development triangle. We do this by obtaining the mean and variance of 

the predictive distribution. This is the second task, in addition to modeling, that we 

must carry out when using Bayesian methods.  

For each cell we need )|( DXE it , the Bayesian ‘estimator’. Then the corresponding 

‘estimator’ of outstanding claims for year of business i is ∑=
+−> 1

)|(
ikt

iti DXER , and the 

Bayes ‘estimator’ of the variance (the predictive variance) for that same year is 

∑ ∑∑
+−> >+−>





 +=

11

)|,(2)|()|(
ikt ts

itisitit
ikt

DXXCovDXVarDXVar .           (1) 

In order to compute equation (1) we would need to find )|,( DXXCov jtis , for each i, j, 

s, t, i≠ j, t > k-i+1  and s>t.  Thus the covariance for each pair of elements in the lower 

triangle would need to be evaluated to find the variance of the reserves. These formulas 

can be very cumbersome to compute, [(7)], [(8)] and [(31)], and we would still not have 

the complete distribution. However, it may be relatively easy to obtain the distribution 

of the reserves by direct simulation, as follows: for Nj ,...,1= , and N very large, obtain 

a sample of randomly generated values for claims (number or amount) in each cell of 

the (unobserved) lower right triangle, =)( j
itx  k,..,i 2=  and 1+−> ikt , from the 

respective predictive distributions. These )( j
itx  values will include both parameter 

variability and process variability. Thus for each j we can compute a simulated random 

value of the total outstanding claims  

∑ ∑
= +−>

==
k

i ikt

j
it

j NjxR
2 1

)()( .,...,1,  
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These )( jR ,  j = 1,…,N,  can be used to analyze the behavior of claims reserves 

requirements. The mean and variance can be computed as 

                  ∑ ∑
= =

=−=
N

j

N

j

j
j

R R
N

Rand
N

RR

N 1 1

)(
2)(

2 1)(1σ .    (2)                     

The standard deviation Rσ  thus obtained is an ‘estimate’ for the prediction error of total 

claims to be paid. The simulation process has the added advantage that it is not 

necessary to obtain explicitly the covariances that may exist between parameters, since 

they are dealt with implicitly, [(1)]. Figure 1 shows an example of the distribution of 

reserves generated by directly simulating N=5000 values from the predictive 

distribution of total reserves using a model similar to the one given in Example 2, [(1)], 

with data from [(18)]. One can appreciate the skewness of the distribution by 

comparison with the overlaid Normal density. 
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the distribution may not be recognizable as a standard one, a possible solution may be 

found via Markov chain Monte Carlo methods.  

In fact, on occasions the use of the Bayesian paradigm will not be motivated by the need 

to use prior information, but rather from its computational flexibility. It allows the 

actuary to handle complex models. As with direct simulation methods, Markov chain 

Monte Carlo sampling strategies can be used to generate samples from each posterior 

distribution of interest. A comprehensive description of their use in actuarial science 

can be found in [(25)]. A set of four models analogous to the examples given above is 

presented in [(22)] and analyzed using Markov chain Monte Carlo methods. In the 

discussion to that paper, it is described how those models may be implemented and 

analyzed using the package BUGS (Bayesian inference Using Gibbs Sampling).  BUGS 

is a specialized software package for implementing MCMC-based analyses of full 

Bayesian probability models, [(26)], [(27)]. The BUGS Project Web site is found at 

www.mrc-bsu.cam.ac.uk/bugs. As with direct Monte Carlo simulation, and since 

MCMC methods provide a predictive distribution of unobserved values using 

simulation, it is straightforward to calculate the prediction error using equation (2). 

Concluding, simulation methods do not provide parameter estimates per se, but 

simulated samples from the joint distribution of the parameters or future values. In the 

claims reserving context, a distribution of future payments in the run-off triangle is 

produced from the predictive distribution. The appropriate sums of the simulated 

predicted values can then be computed to provide predictive distributions of reserves by 

origin year, as well as for total reserves. The means of those distributions may be used 

as the best estimates. Other summary statistics can also be investigated, since the full 

predictive distribution is available. 
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